TA: Jeft

email: marshyL 6 @mecmaster. ca

OH: LPM-3PM Sunday, Aprel 19 (HH 403)
LAST TUTORTI AL TODAY

Question 1

13.6.17 Let C[0,1] consist of the continuous functions on [0, 1] and furnished with the metric

d(f,9) = i | £(t) — g(t)| dt.
Define T : C[0,1] — R by
T(f)= /0 £ (¢) dt.

Is T' continuous?

SO/(AT:’OV\'- YPS.{ Assume ‘F;'é CCO) :!_J %e/,\g

_FE C[Qil and ‘E«,‘éﬁ{ Then
| Tk - T6)|= | fhodt=( et

: ﬁﬂ(ﬂ—ﬁt)lolf = d({,,f).

o

Le€ £>0. Choose WeN large st .



oA imples d(fy, F) <€ Then
n2 AV r‘mplies [T(ncn) 'T(f)li o[(ﬁ,,f)<€/
q s o(fSireo(.

Quest o -

13.6.16 Let C'[a, b] consist of the continuously differentiable functions on [a,b]. Define for f, g € C*[a, b]

<<<<<<<<<<

(a) Prove that d is a metric.
(

b) Let D :C'[a,b] — Cla,b] be defined by D(f) = f’. Prove that D is continuous. (Here, as usual, C[a, ]
has the sup metric.)

Solution o a: let f,4,he C'[a/b].
@A(£3)=O & f:j
(=>) d('g:/j):f) = max hc(-t)-g ()] =O.

atte b
let t.€ E&,b]. Then

[fit-glea)| ¢ max Ifce1-ge1| =0, Se, Fitaga



Cincee t.€ (8,4 was a/‘A"fr'ar‘y/ 7[.‘:\? :
(€) T f=g, then d(£g9) = £ 1)

=mox [fi0)-F]+ max (fle) -1
asteh “steh

i b ety = oo =o.

@A) =dl(g,$).
Todeed, dl(f9)= maux lt)-gt0]mar [Fter-grte|

alftch attlh

= o l9tel ~Ll0emax [g7(0)TTt) =l (g, F)
altcb altc),

@ o!@,j 70.
]_ndw??(J ol ,5) ma ¥ |7C(/c3~f (—t)[-l- o i l‘f(-t)/a (t)/

attcl Q‘-tC{>
20 20




@A(@g Jed(fhHdlb,9).

Ino/eaf, al(ﬂj)i Tzixb(fl‘el-j () (1;!2«:1&/7[(0 -4 /l-el/

¢ el ffeo-heolheoy o

+imoe L b et b 1) '(")B

£ max bH'\({\ -M‘t)\*l-:z:é blh&\ =9 &)l

a Lttt

+mox [£1)-h 1) +wens [h1R) - g @
atteh atteh

=max (F)-het)l+ max [ 10 -1t
attlh attel

Vo (hit)-9(0)]+ oo b1/~ (L)
alith aLtLll

= d(£}h) 4+l (b q).

éOILC{?'OVI fo (&) Acsume {,'\ﬁ-Ci[&,bJ %6//\1/

TE Cil__q/f:], and £ ¢£ Then




1DE) -2 I=l£,"- £
= sup [f,/(1) — Tt (

~tLJp

=mex (§10-f0))  (EVT)
qL—tLb
¢ max )~ f(t)l-l— ma [, 1) f’(t)(
aktth alttch
ol(—anC).
let £>0. Choose v el /arje st
7oA/ t"m)bl«'és o((vcn/’F) <&. Then oz
wplies [[D(F,) = D[ <d(h, F)¢ s, as
a(aosirfo(,



&weS‘l'fon 3: Define R —R l=7
£ix) = cos(cos(x) )

for all xeR. Show that the 6’%0(,0(1""0/),

X = cos(cos(®) has o u,n,ig_ue SO uctror2 .

gclu:h'om-' WanT '[‘0 aPrly Cow‘h‘acl‘:'o/l Mqﬁ)fnﬂ

Frincirl-e. Domain and codomam oF T are
both complefe (wrt the standwrd metric),
so it suffices o wr:f/v that T 7 «
contraction (e ”c-m-v[(y)[.ﬁlx-y[ bi,yéK)

M ean Value U\ea e M?



dteley) st. £12) = ety

Y

= sin(t) sin(ces (L)) = ‘c"::::‘ﬂ

— x)- 'ch)l

=P IQ.’YI(‘L)’ ,S.’n(Cos(t))[ = H:C ) C

[ = ¥| X/
M‘ ISM(COS(t))I 1.
Thdeed, [sinCemstt))| =1
=P cos(t) € il{/ -%/ 1_%-+ m 1;{-__'_/ T-I-Z'r[ %_

=D [eost) |7 T

D lcav]| 1

;> Co nte QD[(C‘(‘:'Q/L .V
lsmCeos)) (<L PFreR.

Sc‘nce ISM(COS (.‘t))/ iS lTF—PeNod(c in t anJ can‘fo'nuoc(S)



Extteme Value THM

T

it achieveS its Sup of some i € Er, m]- LeT

A= [sin (cos(to”[. Then [sin(costt)l <
NVate: O AT,

VteR. So, I‘e-(\enm’fj to Gt)

x) - fe
ls.-rl(’c)l AV fe - fep
L - — lJ"-")'(
=D )\i; [fex>— 7[‘4)0/

1x=y|

=D |f -‘Fc-y)) < W lx ‘\/(

=,> 'F (S a Con’h"qC.'f‘-'OH-

Sd/ L7 C on ’frac‘F.'an Ma/?/h":/j THMJ

¥ z,eR st. 2, =F(+ D

f-e-) 'Lo 'S +he cmi?ue Colutroen To +4e



eq uation 1o = 009<C09(to>>.

Du€$+a’oK q:Af\ QV\‘, u/f‘i-_arol hQS ""f‘dlbl)-ed 70&(.

Thn or‘afel‘ to €SCa/>€, you must show “that
oL selNes o‘F the 'Form Z'Fk(") Converqes
k=0
Vlni‘Formly on some€ o‘ema:n ‘D—C: K
Wueh theorem should you use?
( Choose orLQ.)

A. Lntermediate Value Theorem
6. Con‘('racﬁ'on Molffinj Pl‘mcr"b/-e

C F-—seu\ffs Conrerye <P>1)
_— —




D. Weierstrass M -test

&q,eS'l‘ion, S: The M/ital‘o( = enrajeJ LT your

unanimous (and correct) answenr. He challenges
you again. Tn otder to defarf the wizard,
v ou musT show that an eguat ior-
of the form

o) -x =0
has a unigue solution. Which theorew
should you use

( Choose one. )

/4> T ntermediate Valne Theopen




2)/\4ean Value Theorem

@Cﬁm Maf)oirzg W

p) Weierstrass M—-tesT

&wesJuon. §. The witard) defeated, fulls +o

l‘\iS Knees. H.’S 'Pa\(f laeard ‘FOI”S 6‘F'F ano( }/DC&
realize that +he wirard = qcf'u,a//)/ youl
best ﬁriemc\) D‘ohnj in o4is<1w'sef. He was

Just pulling o harmless prank .
Whhat have Y ou done?

—r

dn 9!‘0{@!‘ ‘I‘O a'/‘on.e/ YO‘A muS'f'

Q Ce 'H’I-Q ‘FOHOW:'nj frue or -FaIS'e



Wiz
RUE o FALSE

‘F oli'Y'Feren-l-aqbk = ‘F continusus

quston 2 TRUE o FTALSE

-F Cco V\'l'l"luO\LS => 'F‘ Olf 'l[\{e r<en +|'Ol S IQ

Question 9 TK LLE or @E

ani formly

T+ WC,\ > ‘S‘\, then 'l[:,/ unclory at
(aSSu m:‘g’/ 'E avwl ‘I[' ore dif?@/‘@ﬂﬁ‘aéfe).

qustion 1 TRUE) or FALSE

Continueus = T n‘/‘fy rable
on Ea,bl on L-a, AJ




Dyestion 1D T’K lJ:

-1

Q\ue%f[on (| TK LL"‘

(_omple& = Compact
@ueS+c'on K ‘-T LL

-

e

"

Cowm P act =P Co mp leT<e

@\Leg'l'io’l 3: K LL

seq_uew Ce in QVQ"/

wehric Space
converj as

= or FALSE

EVery convergent”

or FTALSE

_:n‘l'ayv‘ulsle => (o ntnuous
on ~[xb] on Ceb]

or FALSE

Conﬁrq'mlad'[on_&? }/ﬂu ‘ww»e atoned 7[0/‘

your N:Sdo:'njs “tjac‘nS‘IL John. UV\J:Of‘[‘una'f‘e(r,



he hag qlreaa(y blo cked you.

Question 1.4: Working in fhe category of

38”61‘0’ me‘h‘ic sFaceS/ O(I‘au/aL Venn

oliaﬁrqm WEH\ the Cd'fejm"iég ccéonverﬂerl"'

)
and

<
46?_(4-6 HCQS;’ Cauchy S‘e?_ L{:enceS}

“L oun ded Sequonces K

Cauchy




(uestion 1L.5:/T RUE) or FAL SHE

For any map 'F=IR — R, and any rea [

HMW\bé"‘S Xo &, £ Xy &5, ) we have

n n
._Z‘F(ac,.)(l;—x'._') < Z I‘F(x,-) l (& ~o,_,).

.—
1 <|

&\Leg'ft'om 16" Ms;ng the mefrc

d(f,j) = L' ['Fc.x) -ﬁCx)/ dx

on. C[LO, i]) is the set

X=\fe CCotl folct Vxelo 1]
CoW\chT?

Solution: Neo! L'e—t 'IC,,(J'-') = 1_‘,," Fhen and xelo]




Then f, — ‘F, where Feo= 1. the (=17
BM+ clearlf HEX, So X S not closed
CMO( ‘l'here'/:ore hot comrle’lé.

(Ques tion 17‘:&" FA’LSE
Wup C)c)/

Sup [fcn | Z/HD

JL&D

Question 18.TT RUE Jor FALSE
nf [fon| ¢ |t

e D
D

Question 19: TR(/(_E or @6

Contractions Mo be

discontinuous



A uestion 20 .

13.9.3 Show that the function f(z) = cosz is a contraction mapping on [1/2,1] but is not a contraction map on
[0, ].

Solution : Let %,yﬁfj/zj 1] Then

by the MVT, dz€lxyl st ftay- F‘_’:’c"_i-:"’.

cos(x)- cosCy)
x—y
But LHS# 1 weelkh, 1]

However, sin is incteasing on [4, 17,

So  [cos(x) —coscy)/&
[> =y |

—4> lcoséx) —LOS(7){= sin (1) /3‘-—7(-

sin (L)

i.e.) (Y S a le‘l’f‘u(,’ci@wi‘l'h canS‘,‘Dm'l" )&=Sin(i).
M (14,11



Next we show that coS is nolm a contraction
on [0, ]

e. wa chow thet for all AéCo1), Jxeyy, L]
St [cos(xa)=coslya) [> A [2o=yo .

let Ae(o1). let xo=T ite that

2
Ty _
D eos(T) coscy,): ~Sm(T—7E_) _—
Yo—> T —
“ A
d>,€.u’h (COQ(:%:)—COS‘(}%){ — i
Yo 3 T _, |
2 )

= FOV‘ Yo '# I—{ Su ‘F?l\l'c.c'-eﬂ 'Hy close o

lc.oS(—T{)"cos(yo){
15 ~yol

we have

x
7



cos( 5 )-coslyd|
-yl

A __U__)\)< -1< 1\)\

|

>\ < lcos(F) - ces (yo)|

S Yl
= T el ¢lees(F) —costyl)],
as desired .

Q\Lﬂs’ho:ﬂ- 2.1 :

13.12.1 Show that every closed subset of a compact set is also compact.

SOI%"""OVL‘ let M be a Comfmﬂ" wefr e

Slnc'e OMD! AEM 4 ¢ losed quse‘f- et

{Ud lolE'I} ke an open coverwmg of

A Let VEMNA. Then V is open



and iuo( loiéI]SU{l/} iS an open
covering of M. Since M is compact, (T
admits a Finite subcover. V may  or
May not belong to this subcover. Tu

any case, this sybcover alse covers

A. IF V belongs to the subcover
Hrow V oway ' You are left with «
Finite subset of a < eI % which
covers A, -qurdc/ proving that A ;s

wW\Foz(;‘f.



QMS'H'GVL 2Ll in the blank..

FO" a mef'r.'c Srac.e M/ M S covering

wmlpo«c:f i¥ aml only i-ﬁ /Vl ‘S

%%Mmf;dly ComIt)ac'[‘.

Euestion 23:
bal

aQ
13.12.8 Show that the unit sphere-in C[a, b], that is, the set
{f €Cla,b]: |f(x)| <1, zE€ [a,b]}

is not compact.

Solw‘['(om.‘ We ore usmj the mefrie

cl(ﬂg): sup [fexi-geu] VigeClLo 1]

X €(loyb]
EECQU : Comfac‘(‘ => Seq_uent'aﬂ?( comfacj‘.

Se it Su;P:[fceS To ar"Jue that
= $§ € Clapd [Ifem[21 VxeTosT)



Se._,_uen‘(':'qlly

S wot compmer . Let FpiCobJ—R.

(% fn (x))

@e— e—) Y=O
(a,0) (%,0) (a-r-:-,l o) ( LIO) 14

Then ‘Fn IS A Séquence in X with

no quseg/_uf nfal limt in X. Ino/-ef’l)[/
every Sulaseq_uence of £, must converg e

FOM"’W&S-( 1o the /lOn-COV!7ir1 UoS func‘/‘/en

1 X =Q
‘F(_x): {9/) . Therepom, a

else

Subseguence 97C 'Fn whicl'\ conl/et"jes wrT

Ol (:‘.e. Conveérges uni-Foﬂm[/> mas‘f alSeo



converge to ths . Bul each fn s

Cord‘in woyS amd ’H’le VMI"J(ZD/'M limt- 670
aninuauﬁ *Punc{-fons 1S WQox('n continaoy s
- aﬁn’l‘fad(fc‘f/‘:?} the non— contrnuctsy of
£

€Q westion 2‘7‘;

13.12.9 Show that if K is a compact subset of a metric space (X, d), then for any € X there is a point k € K so
that

d(k,z) = inf{d(z,y) : y € K}.

Show that if K is not compact, but merely closed, this would not necessarily be true. If K is complete but
not compact, is this always true?

SEE NoTE 359

gOhd"?DVL’ Lﬂt \/o,\/.,)’,_/ €K be a Seg/uenc.e

such +hat infid(xy) | yeK¥=Lim des,

nN—) o0
seyu enlia (2

(EOLSJC pt‘ope.r‘fy O'F :/rF) Covvtch'f' = Comfac‘t [)

so J a subseguence vy, conwerging to



Some 7’6\<. _I_—_h_eﬂ

iVl'F%al(-",y) l\/ e K S = Lim a((ot-) Yl

— co

< 72Al=>se§g,(ence
_ . o7 Convergeut
- ,&;”‘w J(.:t/ ykn) (kgueucgej

Canuerges to
Sam @ Jim/t

conTinwet be

:J('X/ ;\’e—‘)“;o 7‘(“) (ef mefrie$

= d(, y) , as desired .
/’/_-e.’)(_',_' : §hou/ Hw«'/' K C[osea( S ndt eqaujh.
Take the mefre smce M= R\f0Y, the

PDM’I" v =-1 6/"\/ am{ the c[aSet( subse.”"

K=(0, o) ER. We use +he

standard metric dex, y) = [x-y l Ve ye M.



Then inf{dlicyy) [y€e(e, e) =1
but d(-,y)>1 ¥y €(o, %)
Vext: Show thit K complete is not
ehough.

%Kt 'H«e mefric Specce

_ - Seguences Xo)¥)%q, .- R 51
M= VQ,O_{ Sup [x,[ < oo
N

with the Sup metrce
o(((xo,x,,...), (Yo, Vi) )) = S:P )x,.—y,. [
let >c=(0,0, O, )€ Lo, and Take the

subset K= {(n 99-),(03,9..), (00%..), .. }

To see thit K s a cemplete mefrie



Srace (wrf the Su.r mefr.'c), note that
6l/er7 Pom'f ‘n K (S an iS‘o/aD‘E'c( fo:'n’fi
SO, €V2V7r Cauch/ se%uence (n K S

eventuall cansfqnf) ome[ 'Hlel‘é?%re caayegenf.
/'/O(u/ :‘AF{J(&,y) l YGK } =O/ bul
dxy)>0 Py eK.

Qwes‘h‘on 2.5: The- continuows imaye 07C Q

COMFqGT sef s.. comrac’[‘/.’!

Question 26 : Make a Vewn dioyr‘am with

the ccd'eg or¢es cccomﬂd' e’ "closeo(/ ! “boumldcé"

“com pa c‘l',\‘



Advice tor the exam:

Get rracﬂce with
LDCoquc'f sefs

LP COVI"’I‘&C{TOI’IS /H\e Corifpractron /vlanhyf,
Principle

b The Mean Value Theo rem

LPPwvmg a mMap o’F Wld‘h‘c spaces iS confingoys



by Prbv;vy 'H'lfvgs aboul im‘@m/ S
FROM THE DEFT AN T TILoN

Question 27+ Let M=R™ with the metrie
4(5), G =Joemmcpm

let K= 2(;:)61121 I Zo't o™ 51_}.

Ts K compact? Cousider the open

cover i%((é)) 1870?3
o K. Find @ Lincte subco ver

So[td':'an’ K (S Camlmc"f L)r Hea‘ne.-,Bore/ TH~,

{Bg((é))g (S a ‘ﬁ'nif'e Subcover






