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Question 1

Solution Yes Assume fne CEO 1 neN

FE 0,1 and fn f Then

T fn T f ffnltsdt
fofctldtleflfa.lt

fetildt d fn f

Let O Choose NEIN large sit



n N implies d fn f E Then

n N implies IT fu T f defa f ce

as desired

Question 2

Solution to a Let f g he a b

dlfg 0 f g

D d f 1 0 max fit glt 0
a t b

Let tot a b Then

lfltol gltolltam.EE fct1 gltil 0 So fltokglt



Since to a b was arbitrary f g

A If f g then d fig def f

maxlfiti fltllt.me flfltl f ltlastsb

tEEk03 max o 0 0 0
attsb

d fig d g f

Indeed d fig qq.ylflti ghilt.me lfitigrtell

anEEl9ltl flti t.me lgtts ftil d g f

dlf g 20

Indeed dlfg me lflti gHiltameElfitigttll

70



dlfg dlf h d h g

Indeed dlfg t.me lfiti gltlltggylfttlg'tell

a fit halt hitigel

t.IE Iflti hitilt hit g t

MEIfltl hltilt.me dhlt1 glt l

me lfttl httllt.me thitt grttll

my olf tl hltil maxlfitl

h'ltllaetsbthEeothlttglti age hit g t

d f h td hg
Solution to b Assume fat Cᵗ a b Knew

ft a b and fn f Then



110fn f 11 1 fn fill

sup filt fit l
asteb

max filth full EVT
atttb

ME lfultl fltlltamgElfiltl fltll

dlfnif

Let O Choose NEIN large s.t

n N implies d faif CE Then nav

implies 110 fu f 11 d fn f E as

desired



Question 3 Define f IR IR by

f x cos cos x

for all x ER Show that the equation
x cos cos x has a unique solution

Solution Want to apply Contraction Mapping

Principle Domain and codomain of f are

both complete wrt the standard metric

so it suffices to verify that f is a

contraction i.e fascs fay else yl Kayer

Mean Value theorem



te ogy sit f t FLEY
sin t sin cost

f

Isinct sinkoses l

Note Isin cos t 1

Indeed Isin cost 1

cos t E E E IT E it 2T

cost

cost 1

Contradiction

So Isin cosh 1 tER

Since sin cos t is 2T periodic in t and continuous



Extreme Value THM
5

it achieves its sup at some to IT IT Let

sin cos to Then Isin costs ex
Note OCX C1

t EIR So referring to

Infix Eiffel
I

Ifa fap be yl

f is a contraction

So by contraction mapping THM

1 ZEIR sit Zo f to
i e to is the unique solution to the



equation to cos cos to

Question 4 An evil wizard has trapped you

In order to escape you must show that

a series of the form Effel converges

uniformly on some domain D E IR

Which theorem should you use

Choose one

A Intermediate Value Theorem

B Contraction Mapping Principle

C
p series converge p 1



D.WeierstrassM test

Question5 The wizard is enraged by your

unanimous and correct answer He challenges

you again In order to defeat the wizard

you must show that an equation

of the form

f x x 0

has a unique solution Which theorem

should you use

Choose one

A Intermediate Value Theorem



B Mean Value Theorem

CContractionmappingprincipled

D Weierstrass M test

Question 6 The wizard defeated falls to

his knees His fake beard falls off and you

realize that the wizard is actually your

best friend John in disguise He was

just pulling a harmless prank

What have you done

In order to atone you must

ace the following true or false



Quiz

PRUE or FALSE

f differentiable f continuous

Question 7 TRUE or FALOSE
f continuous f differentiable

Question 8 TRUE or FALOSE
If fn f then for f

assuming f and f are differentiable

Question 9 TRQUE or FALSE

Continuous Integrable
on a b on a b



Question 10 TRUE or FALSED
Integrable Continuous
on a b on a b

Question 11 TRUE or FALOSE
Complete Compact

QuestionI E or FALSE

Compact Complete

Question 13TRQUE or FALSE
Every convergent
sequence in every
metric space

converges

Congratulations You have atoned for

your misdoings against John Unfortunately



he has already blocked you

Question 14 Working in the category of

general metric spaces draw a Venn

diagram with the categories convergent

sequences Cauchy sequences and

bounded sequences

Bounded



Question 15 RUE or FALSE

For any map f IR IR and any real

numbers so 01 x on we have

Efcog g og i foci a sci i

Question 15 Using the metric

d f g f fax goaldoc

on CTO 1 is the set

FE CTO 1 I fink 1 Face to 1

compact

Solution No Let false 1 I Knew and see 91



Then for f where food 1 xE 0,1

But clearly f X so X is not closed

and therefore not complete

Question 17 UEor FALSE

sup fan
fasas

KED

Question 18 TROUE or FALSE

inf Ifca if fasas
KED

Question 19 TRUE or FALOSE
Contractions may be

discontinuous



Question 20

Solution Let x yE
1
2 1 Then

by the MVT ZE my s.t.fi fe

i e since
cos Y

But LHS 1 ZE 1

However sin is increasing on 1

so
sin 1

cos x cos y sin 1 x yl

i e cos is a contraction with constant sin 1

on 112,1



Next we show that cos is not a contraction

on O I

i e we show that for all XE 0,1 xo yoE GIT

5 t cos so cos yo co yol

Let Xe 0,1 Let no Note that

him
cos costyol sin E 1

Yo IF
limy.net

shl 1

For yo sufficiently close to

we have I Y 1ft a



i Xk É 9l 1 1

xc i i
E y.li cos El coslyoll

as desired

Question 21

Solution Let M be a compact metric

space and AEM a closed subset Let

U EI be an open covering of

A Let V MLA Then V is open



and Ua at I U V is an open

covering of M Since M is compact it

admits a finite subcover V may or

may not belong to this subcover In

any case this subcover also covers

A If V belongs to the subcover

throw away You are left with a

finite subset of Ux EI which

covers A thereby proving that A is

compact



Question 22 fill in the blank

For a metric space M M is covering

compact
if and only if M is

sequentially compact

Question 23
ball

Solution We are using the metric

d fig sup Ifcu 944 f gEC 0,1
SCE a b

Recall Compact sequentially compact

So it suffices to argue that

FE a b Ifcs 1 Kat a b



sequentially
is not compact Let fn a b IR

y 1

x Fn x

a 1 0 attn o 9,0 Y 0

Then fn is a sequence in with

no subsequential limit in X Indeed

every subsequence of fn must converge

pointwise to the non continuous function

1 x a

floc 0 else Therefore a

subsequence of fn which converges wrt

d i.e converges uniformly must also



converge to this f But each fn is

continuous and the uniform limit of

continuous functions is again continuous

contradicting the non continuity of

f

Question 24

Solution Let yo yn Yy EK be a sequence

such that inf dlay yek him desc
yn

sequentially
basic property of inf Compact compact

so a subsequence ykn converging to



some y EK They

inf days ly Ek him desy yal

of convergent
em doin

converges to

disc ems yal tie

d x y as desired

Next Show that K closed is not enough

Take the metric space M IR 0 the

point x 1 EM and the closed subset

K 0 a IR We use the

standard metric disgy la y l Kaye M



Then inf d by ye
o o 1

but d 1 y 1 yE 0 0

Next Show that K complete is not

enough

Take the metric space

M 1g
sequences scoping ER sit

syplan co

with the sup metric

d scope yo y snap loan yal

Let x 0,0 0 E lo and take the

subset K 1,90 0,49 0,93

To see that K is a complete metric



space wrt the sup metric note that

every point in K is an isolated point

So every Cauchy sequence in K is

eventually constant and therefore convergent

Now inf day y Ek 0 but

d x y so yEK

Question 25 The continuous image of a

compact set is compact

Question 25 Make a Venn diagram with

the categories complete closed bounded

compact



m
ed

Advice for the exam

Get practice with

Compact sets

Contractions the Contraction Mapping
Principle

The Mean Value Theorem

Proving a map of metric spaces is continuous



Proving things about integrals

FROM THE DEFINITION

Question 27 Let M R with the metric

d Ii 1mEur T

Let K EIR xity 1

Is k compact Consider the open

cover B 8 E 0

of K Find a finite subcover

Solution K is compact by Heine Bore THM

B 8 is a finite subcover



E
K 91,0

B 161


