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Question 1

13.6.17 Let C[0,1] consist of the continuous function; , 1] and furnished with the metric

d(f,9) /Ift) (8)] dt.

Define T": C[0,1] — R by

T
SolmH@n Y€§| Let 1C & (0o 1] weth

‘l[n‘ Q'FGCEO/ij.
WS Lim do(T ), TCF)) =

n—yco

let €70. Choose VEN lbrye 5. urW

mplies d(d,,£) <€ Let nray. Thes



(T, Teh)) = [T6) = T(F)|

= [ go(i;,\u)dac —fclfcx\o(-x,

= [§ (hpco- feso)de| & SO‘H" ()~ | dc
Question 2.- =d (¥, )F) <

<<<<<

a) Prove that d is a metric. . -v"

(
(b) Let D : C'[a,b] — C[a,b] be defined by D(f) = f'. Prove that D is continuous. (Here, as usual, C[a, b]
has the sup metric.) <_ > d

13.6.16 Let C'[a, b] consist of the continugusly differentiable functions on [a, b]. Define for f, g € C*[a, b]
mas |£(0) — o] + max 1) ~ (0.

Solution to (b): Let f.€ C'(ab] with
£ 2, fectan]
\’VTS /(—CW) 0(0(9(‘Fm)/9§{>>:

n—2>~0°

[.e‘(' £29. ChooSe NVEN (qge S, neAN

(\MPI:QS O(C‘r\,\,f) S LeT nza/. Then,




do(D (R, ), 9)=Sep [o(F,) -P(F )|
= Q:]D "E‘/(.I) - (/x) “
= mox (£l -flal (£ ' T)

£ mak Iw“ncao-—fcac)l +Wmax [£fes0 ’fc’w/
I \

=d(§,,T) <&
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QweS‘h‘on 3: Define F: R —R ‘97
£(x) = COS(COS(J&))

for all xeR. Show that the e_?uocffon,

X = cos(cos(®) has o unigue so/lutrosr.










Duestion 4 An evil wizard has trapped you.

In order to escape, you must show Hhat

wsates of the form T 90 convenges

\Ani‘Formly on some demain DER.

Wueh theorem should you use?
(ChOoSe on_e,)

A. Lntermediate Value Theorem
8. COn‘('racﬁ'ovL Molffinj Pl‘mcr"a/-e

C. p—series conrerge Cp>z)
/ o~




“D. Weierstrass M -test

&q,eS'l‘ion, S: The M/ital‘o( = enrajeJ LT your

unanimous (and correct) answenr. He challenges
you again. Tn otder to defarf the wizard,
v ou musT show that an eguat ior-
of the form

o) -x =0
has a unigue solution. Which theorew
should you use

( Choose one. )

/4> T ntermediate Valne Theopen




2)/\4ean Value Theorem

@Mm Maf}onzg P/‘[ﬂm@
p) Weierstrass M—-tesT

&wesJuon. §. The witard) defeated, fulls +o

l‘\iS Knees. H.’S 'Pa\(f laeard ‘FOI”S 6‘F'F ano( }/DC&
realize that +he wirard = qcf'u,a//)/ youl
best ﬁriemc\) D‘ohnj in o4is<1w'sef. He was

Just pulling o harmless prank .
Whhat have Y ou done?
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dn 9!‘0{@!‘ ‘I‘O a'/‘on.e/ YO‘A muS'f'

Q Ce 'H’I-Q ‘FOHOW:'nj frue or -FaIS'e



Quiz.

or FALSE

| eren-l-c'qbl{ ﬁb { Con‘l‘i’LH&

Q\ue%'l‘c'or\ ?T’K LLE or AL E

'F continuous = £ ol.'f{eren able

Q\w%'l‘[on 9 TK LLE or E
ane 'rot‘m b d

T+ 1C 2 ‘S‘\ tThen sy

n

o(if?@fenﬁ'aéfe).
or TALSE

Continueus = T n‘/‘fy rable
on Ea,bl on [ a, b]

(as5u ming £ and

Q\L€§ 'l'c'oV\ ‘I ;




ustn 0 TRUE or F@E

j:n‘l'ﬁsmlsle => Co nFinuous

on “[ab] on Ce«,b]

Question (| TK LLE or F

Comple& = CompacT

@ueS "I‘(on (2

Com F act = onfzf)/e?"e

@\Leg'ho n [3:

onvery enf”

seq_uewcc in QVQ"/
wietric Space
conver:,as

Conﬁrq'fu,[od'[okg‘? }/ﬂu ‘ww»e atoned 7[0/‘

your N«'SJO{"js “tjac‘nS‘IL John. uailof[‘una'fe(r,



he hag qlreaa(y blo cked you.

Question 1 4 ka«'qg in ‘LLe—ea#-e\»Ta%_of—-

38”61‘0’ me‘h‘ic sFaceS/ O(I‘au/aL Venn

oliaﬁrqm WEH\ the ca‘fejar.'&s ccéonverﬂerl"'

)
and

C )
Ce?_ue nceg" Ca ach Y S‘e?_ uencesl

“L ounded sequonces.




&u@§+¢‘om 15 @r FALS =

For any map 'F=IR — R, and any rea [

HMW\bé"‘S Xo &, £ Xy &5, ) we have

n n
.-Z‘F(ac,.)(m;—x'._') < Z I~F(x'.) l (& ~o,_,).

.—
1 <|

&\(_837(!'0}( 16" “_Sin3 the mefrc

J(ﬁ,ﬂ) = L' ['Fc.x) -ﬁCx)l dx

on. C[LO, i]) is the set

X_:%\'FE C’:@/il l"FU‘)[(i Vxe Eo) .1__]}
CaMchT?
Solution: NO! (Lecause not clsed )




C Then
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X)= 1‘71 ) b{g)/
iﬂc%? f Ho=2
”‘ X )
. %i TRUE or FALSE
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Sup [fcn | Z/W d /
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inf [fen] é/' T [
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xeD
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Question 19: TR(/(.

Le
Contractions ﬂ/LO?(

discontinuous .



A uestion D O:

13.9.3 Show that the function f(z) = cosz is a contraction mapping on [1/2,1] but is not a contraction map on
[0,7].

. prove thaf oS(>)=2x has a um%ue solufron x €(3, 1].

g@[(d‘(om Mean Valwe THMT Let {£x<)f‘1,

by Mvt, relxyl st foo-fon_ 14

=y
> cosCx)— (os()r/__ st
X=y
:D \ioS(x)-coscy)’ — ’s‘.n é’t)[
e~y

But sin is fVlCI"CCCSI'r_’Iﬂ or [%/ 1_]

q

[co’(x)- oscy|

— lsi(t)[=Sin(t) & ()
(o=l




|coS () —apsCy)l.é Sin(l) {9‘ —Y ’,
/\
4

CO/I/ ( UJ{SIO/V oS S A confyracfion

on 5, (] wth constant sinCl),

Now to see s is not a contraction o
o J.

WTS: ¥ ae(on), Fryy,elom] st
lcos(as) = costya) [ > N [2o=Yyel.

let AE(O 1. Let xo=1; Then
Dimn 5T ) ~cosly.)

—_ —en( T ) =~
‘o )_\_{ — Stl/)(z_)
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> /@EW\ lCOS( ’L)‘-COS(yc) l ﬂ_ |

Al

[y

2 (T Yol

Sa(t‘{mJ[ For«/t‘f'- For yo-ﬁl{ clese ToO 1;_,

lcos( X )- Cc>§Cy°)\

—

wé l'\a Ve

— 1 [<I=X.

=+ —— >2\=D ICaS(_ar)'Ccs'(yJ\

a7
<ol Y
Ques‘hon 21 : X\’i ’}(o( .

13.12.1 Show that every closed subset of a compact set is also compact.






Question 22:Fll in the blank..

FO" a me'['r«'c Srac.e M/ M S covering

wmlpac:r /Vl ‘S

56?_(4011“:«1[7 Camloac'{'.

Euestion 23:
bal

13.12.8 Show that the unit sphere-in C[a, b], that is, the set
{f €Cla,b]:|f(z)| <1, z€la,b]}

is not compact.

d(F/ﬂ) = §<,{ID {PCX)-jCJc)/
x€lab]






@ wes TiorL Zﬁ“

13.12.9 Show that if K is a compact subset of a metric space (X, d), then for any x € X there is a point k£ € K so
that
d(k,z) = inf{d(z,y) : y € K}.
Show that if K is not compact, but merely closed, this would not necessarily be true. If K is complete but
not compact, is this always true?
SEE NOoTE 359









Q(Aﬁs"'t'on 2.5: The- continuows fmaye 07C Q

CoqucT sef is.. LOM{DQ C"(\,

Question 26 : Make a Vewn o(ioyram with

the ccd'ej orces cccomf/de," “closed,” “bounaleaé"

“com Pac‘l’,\'



cloSe & AOL{

CO‘; fw’(’{

Advice tor the exam:

Get rracﬂce with
LDCoquc'f sefs

LP COVI"’I‘&C{TOI’IS /H\e Corifpractron /vlanhyf,
Principle

b The Mean Value Theo rem

LPPwvmg a mMap o’F Wld‘h‘c spaces iS confingoys



by Fr\ov;vy 'H'lfvys about im‘gm/ S
YROM THE Det TN/ T rron

Question 27+ Let M=R™ with the metrie
4(5), G =Joemmcpm

let K= 2(;:)61121 I Zo't o™ 51.}.

Ts K compact? Cousider the open

cover i%((é)) [5,703
o K. Find @ Lincte subco ver




