Mathematics 3A03 — Real Analysis I
TERM TEST 2 — 26 March 2026

Duration: 90 minutes

e Print your name and student number clearly in the space below, with one character in
each box.

o Write your signature here:

Notes:

» No calculators, notes, scrap paper, or aids of any kind are permitted.

 This test consists of 16 pages (i.e., 8 double-sided pages). There are 6 questions
in total. Bring any discrepancy to the attention of your instructor or invigilator.

o All questions are to be answered on this test paper. There are several blank pages at
the end; if you use those pages, state which question you are answering.

o Always write clearly. An answer that cannot be deciphered cannot be marked.

e The marking scheme is indicated in the margin. The maximum total mark is 50.



GOOD LUCK and ENJOY!

MARKS

6] QUESTION 1. (Circle the correct answer.) Determine whether each of the following
statements is TRUE or FALSE. Do not justify your answers.

(a) In a metric space, the union of any collectie &Rd sets is closed.

(b) If M is a non-empty set and d is the dis metTic on M then every set
in the metric space (M La®TOPer

=
(d) In any metric space (M, d), if v € M and 0 < r; < ro then the set difference
B,,(z) \ B,,(x) is neither open nor closed.

TRUE

=z
(e) The series »  — converges uniformly on the interval (—, ).

L (¢ T —y FALSE ) M, = T L~
— - .-".L'—Mv\ l 1 K'Z

T
K (f) If f, : [a,b] — R is integrable for each n, and f,, — f uniformly, then f is :
integrable and [’ f,, — [ f. Cosn v

FALSE



[6] QUESTION 2. Let £°° denote the space of all bounded sequences of real numbers, with
the sup norm. Thus, if x = (z,) € £>° then

7]l = sup |,
neN

The subset E is defined by
E = (0,1)>* = {(xn) ere : 0<x, <1 forall nEN}.

(3] (a) Give an example of a point = in E°, the interior of £, and prove that x € E°.

Let x=(4z,'7£_ .)egc,Z“, et £=1
C'”“”‘ B (o) Y S ’
P{' Ld \/-CP (). (hen I\/.,. ‘.In,cs"f’l}’ -‘"“‘}
3 Sol(y,x) <; :

50 ?<\I“ “‘u q <y,‘ =Do¢\, <,=D

(b) Give an example of a pomt y in 8E the boundary of F, and prove that y € OF.

Let y=(9¢.). Let £>0.

Wi Ory)n(e*\g) ¥ Aup
(D Bty nE # &~

For ©, y€BY)n (« \E)

For @. Ascune £<—
Then z= (1/-1 )655(7)/75

... Continued. . .
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[10] QUESTION 3.

<%T
-,

2] (a) State the definitions of pointwise convergence and uniform convergence for a
sequence of functions f; : D — R converging to a function f: D — R, where D C R.

-F ———?-( Po-h'hmse I‘F VJC.G.D Lim )(‘ (w = 7[(-’4)

le—) co

b2t wiorls £ Voso Jwens 4. mag
(waplées IﬁCa‘\"fca)ké Vxé€p.

[4] (b) Suppose that for each k£ € N, the function f; : D — R is unbounded on the domain
D CR. If fp = f pointwise on D, must f be unbounded on D? Either prove that
f must be unbounded or give a counterexample.

1o, Deting 1C (0,) — I [:,7
'FkC-l) = K(;C . Then :‘cQ-t—:qo* 1[ (-"C—) =19
W K, So eoch 1[& 1S unloauno(éo( B(ﬂT
Vx&CO D,
Lim {}CC/L) = fZ,m — — ’,— ;.-0

k= o 2o X 4 o
So 7[ —> 0O Fo«vx‘fwc‘sé - Continued. .
aVld e constant meap O 3 Eouno{éw{




[4] (c) Again suppose that for each k € N, the function f; : D — R is unbounded on the
domain D C R. If f, — f wuniformly on D, must f be unbounded on D? Either
rove that f must be unbounded or give a counterexample.

\{‘53. /456\4“46 ‘rt)/‘ (orl'('f'a(/c'cfe'ov\ 7£
(S boynde 197 M>0. leTf /V6N be

<L, SyuPI.FK@:)--F(JL)(di {7’149,/1,: We
uow iy is unboundetl, so T ep ¢

e el g,
NIWENE I *%

[fean)

¢ 1.t PAarleran,
CONTRAD TCTIToH ¢







— ( -
6; Z_ZKS,-VI(E_KBL> Converges
.(77 //l/’/l/U’/W/f/’ '\’QS‘L (

) Prove that the erge uniformly on

Hint: Use thfttht

(1) sin(%) =1;

(2) if Z fr converges uniformly then f; — 0 uniformly as k& — oo.
k=1

KVIOw :‘6'( //*D O (LYI("POV'le ,‘]C

€20 st. Vren, Jicrn and Fx (0, =)
st FF o)l> Z.

Let ¢=1 Llet welN. [fEeo=2 s.né,,)

Let K=a/. Lot o = &
=

Lheu, Fu)[—— /2 (1)//22_\
Sq 7Ez<‘%>0 aniora
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[10] QUESTION 5

2] (a) State the formal definition of “a metric space (M, d)”, where M is a non-empty set
and d: M x M — R.

(b) Let R denote the set of real numbers R together with two extra “points at infinity”.
Thus, this set of extended real numbers is

R = RU{—o0,+o0}.
Now define a function h:R — [~1,1] by
h(z) =

T+ 1o for x € R, h(—o0) = —1, h(4+00) = 1.

Prove that h is one-to-one on R.

T{ 9“0 then hix) = (_x .

:‘D /léJL): A X




Smlar: is gtricd. in€on [o =)/,

~ U r+pc+ w[c on (=, ).
Alse, e\ = == (1 FDhee) # 1-I UneComy,)
B‘ﬂ h(—c.?(}"“!‘(f Qx"idﬁ daazv‘CL(,(S:rW h Steiel. fac,

n part t d:RxR—R by —D (_
d(z,y) = |h(z)—h(y)|.
Compute d(—1,1) and d(—o0,+00).

A O=fhen- heol= | =5 - ” {—7

[+

0((~r> )= [~ - hcm){u/_,_i/ >

) Prove that (R,d) is a metric s

@ d(—"(/)/) = /éome'('hw\ty(

(2)dea» + ke - hes|
= [hC.x,) ~th)/= =de Q/—t){'o'lféfgf).

(Ddtx, y) =0 =D [hex (O o he )= he,,
750—}/ becouse h 11

@J_(;,y) =|hews -hty)l (kc,)-hc(;;[ do{(»x)




[9]

(4]

QUESTION 6. Let X be a vector space on which a norm ||-|| is defined. Let d be the
metric induced by this norm, i.e.,

d(z,y) = |z —yll.
(a) Prove that the function f: X — R defined by

flz) = l=|

is continuous on the metric space (X, d).

... Continued. . .



(5]

(b) Prove that a norm can fail to be continuous with respect to a metric other than the
metric induced by the norm.

Hint: Consider X = R with the norm ||z|| = |z|. Define ¢ : R — R by
1 .

¢(n) = — forn e N, ¢(x) = = otherwise.

n
Now define p: R x R — R by

p(r,y) = |o(x) — d(y)|.

You may assume that p is a metric.
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THE END



