


































































Tutorial 9

TA Jeff

email marshj15 mcmaster.ca

OH Mon 11 30AM
HH 403 OR
HH 4ᵗʰ floor study area

MIDTERM THURSDAY MARCH 20

Problem 1 Let X be a non empty set

Does there exist a metric d on such

that every subset of X is open with

respect to the topology induced by d





































































Solution Yes Take d to be the discrete

1 x y
metric disc y o sexy

Let UEX Then

a U a 81k
KEU

is a union of open balls so U is open

Problem 2 Let X be a non empty set

Does there exist a metric d on such

that with respect to the topology induced

by d there are only two open sets

namely itself and





































































Solution If X x is a singleton

then yes This follows from Problem 1

If X contains multiple elements then

1 Indeed let x y EX with x y

Then dex y 0 so Balogy x n Bassy Y

is empty We therefore have at least

four open sets namely

Bdcogy x Bdogy ly





































































Problem 3

0,1 continuous maps 0,1 IR

with the metric dlf g fix gloe doc
0

You may assume d is a metric

Let E FEC 91 O fix 1 KE 91

Using the topology induced by d determine

E Try w sup metric
def g sup Ifcoc guy

E 91

Solution E

Proof Let f E E let ESO We want

to show that B f E





































































Let g 0,1 IR be a bump function

localized at x 0

y 2

x g x

x 0

Let his fix gesis Then

d f h ft fail hex doc

fact fix g x doe

ft goal dx





































































gases doc
n

y 2

x g x

Gqygmg.fi y o

2

8 2

2

d

Choose d E Then d f h dce

so he Belf





































































Now we want to argue that

h E FE 0,1 O fer 1 be

Well h o f o g o

g o

Of 2

So h o 1 which implies h E

We conclude that E as

desired




























































TBB

Solution 1 d x x 0 xERt

Proof desc x be be 10 0

2 disc y 0 x y

Proof des y 0 0

0 x y

3 dissy day a

Proof des y be 11

dry x

























































4 desc y dex z dez y Kosyze Rt

Proof dasys k t t t
Elt desz d z y

TBB

Solution We use THM 9.29

Here a I b IT false and

f x 0

Want to show fn f





































































Let E O Choose NEIN large such that

I Ez Archimedean Property of IR

Let n N Let KE IT Then

Ifn x 0 false

g E E E

So fn 0 as desired

Invoking the THM

time doc
em die
I

T

10 dx 0































































TBB

FAKE solution IET doc
why is
this

even

justify
So doe integras

Éte f sinusoids

Einal l

halt

Etna

E































































REAL solution Use Corollary 9.30

Here a o b fk x sink

Need to show Ie x converges unif

to something to what I don't know

M test set O T

feel Is I the and
D

E the converges
So Effect converges

uniformly on O IT Call the limit function f

Note Each fk is integrable on o IT





































































So we can apply the Corollary

So 5 doc

ftFfg
form limit
of the series

E false doc Corollary

I ax

he t
from

this

point on all

computations from

ps
the FAKE solution

above carry through





































































Problem 2 Let X be a non empty set

Does there exist a metric d on such

that with respect to the topology induced

by d there are only two open sets

namely itself and

Solution Consider x a singleton

Try the discrete metric

dex sy 0

B1 x YEX deny 1

x's
So x's is open





































































All subsets of X

x's In this case

yes we can
both
open find d

Now suppose my EX x
y

Then disc y 0 So Bady Bacay Y

So there at least 4 open sets

Bassy Bday Y

In this case d does not exist

Conclusion Yes if 1 1 1 No otherwise





































































Maybe something if allow infinite values

BUT WE DON'T
Problem 3 Let

0,1 continuous maps 0,1 IR

with the metric dlf g fix gloe doc
0

You may assume d is a metric

Let E FEC 91 O fix 1 KE 91

Using the topology induced by d determine

E

8





































































Solution E E E 0,1

E OE fix 1

Claim E

Let F E E 0 X x 1 and

let E O

WANT Some HECTO I such that

dlf b ce but h E

Let go 0,1 IR be a bump

function localized at x 0

4 21

x gg x





































































I

050
x 1

Let holi flo go x

The dlf he fix hobel dos

So f f gold do

So l goes die Sogoalde
4 2

1 498

1
1
rarre

1
v0

d





































































basegight
2

d C E
want

Just set d Fo
We proved

he Be f

Last thing to prove hd E

Indeed holo f o go
o

0 gold
0 2

2 0 1































































So he E

EFI

FAKE SOLUTION
justify

I da E S d

Thy is this even integrable
he o

sincusydx

IT c l































































1 111
Of Of t

Eins
To make this rigorous use

0

Argue that E
converges uniformly M testThisimpliesinthatU

is integrable





















2 We can interchange So I So


