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Problem 1:let X be a non-empty set.

Does there exist a metric d on X such
that every Subsef of X is open (with

l‘eSPeC'f‘ Yo the +°P°/°3)' ino{uceo{ I:)/ 0”?



Solution: Yes! Tuke o o be +he discretfe

0( 1, x=y
mefric (’cly)‘{o/ XFEy

Let UWEX. Then

u= Ui=f= 1) Bi(x)

X e U e

S a wumon o‘P open loa.IIS) so A s oﬁen.

Problem 2: let X le a non—em,:f/ setT.

Does there exigt a metric d on X such
+|r\0|‘('j with res/)ecf to the "'o[oolg y induced

by 0{_) ‘H'le/c are Oﬂly two O})ﬂﬂ S*Q?L,S“
(name[y X i‘f‘SeH'\ omo{ ,9/).’9
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Probem 3 :
C o] =§Confinuous maps [o1] “’[R}
1

with the metric J(£3)=£|ch)—j(x)|dx.
You may assume d is a metric.

Let EZ{FEClBi]‘O&F(xKi Vx€[‘9/13}.
Using the topology induced &y d, defermine

EO. TV‘\/ w/ Sutf Wlﬂ'Wc
o) )= sup *Ftd‘—)—jug\

xeTGIJ
go/ud'im/l" E°=&
ProoT—: Let & E, let £20. We wanT
to show that Bé () SEE
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Let he) =+ +9(2). Then
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- =L,
d(i/‘q) = ( !'F(Jl) - h(x) | dx
jO
1
= ( f(x) — ['F x)+q(x)) d
) J
1
= ( —q(x)
/0 W,
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Choose 9 <& Then QU-F/. )1,):
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13.2.2 Let R" denote the set of positive real numbers. Show that

d(z,y) = é—i’
is a metric on R.

Solution: (1) dx,x)=0 tx eR”
Pfoo{:’ O(Cx/—‘c): /Slc ‘%:.l-'—' lof =0.
@) degp=0 =p x=y.
Froo‘f' olcx,y)=0 = l?lc - ‘>l, lfO

. | _ - 1 -

=D :ic' ‘7—0 ‘le =7/{ =D =Y




(4) dix, y) £ dex 2) + o(ce, y) PayseR?

Pmc)?C:dC y)-/ /.)c-‘{ E‘M};/

4Ll F -—;/ dortdcep
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9.5.1 Prove that
T sinnx

dr —10!

lim
n—oo [x NI

N

Colution: We use THM 929

Theorem 9.29: Let {f,} be a sequence of functions Riemann integrable on an interval [a,b]. If f, — f
uniformly on [a,b], then f is Riemann integrable on [a,b] and

/abf(a:) d:c=liTILn/abfn(a;) dzx.

Here a=T L=, §,(0= 9L02
‘F(x)-—-O
Wort to show : F., L > £
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9.5.2 Prove that
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RE/H_ Solutior: UUse Corol/ar7 130

Corollary 9.30: If an infinite series of integrable functions Y o° fi converges uniformly to a function f on
an interval [a,b], then f is also integrable and

/abf(a:) dxzifabfk(x) dz.

Srn(kx)
Here (J.:O/ b=77’) ’Ck(x)z ”kz .

/f/eeo[ 'I"D Shouﬁ Z‘Fk(x) Com/e{yes' Luu'f:
K=

to Somef-)\irg ... To whq‘f?I don't krnow!

M -tTeSt: x ¢ [D?TJ

l'Fk(L), = , S ;)/ = 77’_2./ oynd

convenges. §19/ L-F (x) converges

l
nt he|

I\n7tOFMI7 on EO TT'J Ca” the (m\“" 'IC(mc:'f“,on

_L_N

MNote: Each -FK S irrf@ro.b/e on (o].
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PrOHPM 2 Let X be a ﬂOi’l—'er/)f/ S€7L-

Does Phere exist a metric d on X such
+|nof(‘j with res/)ecf to the 'f'o[bo/eg y induced
by o{J 'H'telc are Ol’l(y two O/DCI? 8€7L5‘

(name/y X itself and ,e’)p

Colufion: Consider X=1x% a swi’[efom.
Try the discrete metric.
dx,x) =0
By (%) =% yeX | diuy) <L
= %1

g«: %513 (5 oPCI(\.
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Maybe something it allow i finite values
S BUTwe poy T,
Problem 3 : et

C [o,1] =§c:on1'inu0u5 maps [o1] ""[R}

1

with the metric a((ﬁg)—’—jhcu)—j(x)\dx.
()

You Ma)/ assume d is a metric.
Let E-?—{FGC[cai]‘ochx)d VxGD’/iJ}.
Msmg the +opology induced by d determine

O
E® °

|
1l



Solution : E=E°[E=¢| £'=Cls 1]
o= ioi fixy e 1% 7
/ D
Claim: E®= &
Let ’(:6: E =$C><_ N (x) <:"_f E aund
let €>0
WANT: Some WEC[9 11 Such tha
o{(—- l’)‘ %d d{\ £ E
1 : — (¢
Let 9 (o 1] R be ¢ fmmll
'FmAC‘(_‘[OV\y Ioca/F%_ch at x=0
A
Y'-'Z-(
Wﬁm)
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9.5.2 Prove that

FAKE SOLUTTZOAN - |,
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To male +Has r;\gal‘au,sj useé -

Corollary 9.30: If an infinite series of integrable functions Y o° fi converges uniformly to a function f on
an interval [a,b], then f is also integrable and

/abf(a:) dxzi/abfk(x) dz.

— mnx
5 (T
. h={ o &
Avgwe thet Z 5‘"C"x)
=i

converges uniformly (/"l—‘h?s‘f')

This IV"P,n?S (\)—”’MTW IS inf@rqbfé.
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