Mathematics 3A03 — Real Analysis I
TERM TEST 1 — 26 February 2026

Duration: 90 minutes

e Print your name and student number clearly in the space below, with one character in
each box.

o Write your signature here:

Notes:

» No calculators, notes, scrap paper, or aids of any kind are permitted.

 This test consists of 14 pages (i.e., 7 double-sided pages). There are 6 questions
in total. Bring any discrepancy to the attention of your instructor or invigilator.

o All questions are to be answered on this test paper. There are blank pages after
questions 4, 5 and 6, and additional blank pages at the end.

o Always write clearly. An answer that cannot be deciphered cannot be marked.

e The marking scheme is indicated in the margin. The maximum total mark is 50.



GOOD LUCK and ENJOY!
MARKS

6] QUESTION 1. (Circle the correct answer.) Determine whether each of the following
statements is TRUE or FALSE. Do not justify your answers. .‘_' [ ‘ '] —_> IK

(a) Every integrable function is continuous.
I, X=0O

TRUE  (FALSE ) Te= {gj x %o

(b) If f is integrable on [a,b] and F(x / f then F has a maximum and

minimum value on [a, b]. I In‘l'e\"‘ml'.» are C'l'S

RUE) FALSE (F /s cts.)

2.F at taing itS max f min
(¢) The instructor for this course is Bad Bunny. LY € VT

TRUE <FALSE )

(d) If E has no accumulation points, then £ is not closed.

TRUE (FALSE ﬁ/

(e) If F is open, then 0OENE = &. opeﬂ 4>E E
TRUE) FALSE Buf in genery, Fn o€ =44

(f) If £ C R and there is a function f : £ — R that is locally bounded on F

then F is compact. ‘(‘
R —r .
TRUE @ IR K
‘f (x)=0,



9] QUESTION 2. For each of the sets E in the table below, answer YES or NO in each
column to indicate whether or not E is open, closed, or compact. Do not justify your

answers.

Open?

Closed? | Compact?
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(6] QUESTION 3. For each of the sets E in the table below, fill in the associated point or set
in each column, i.e., for each set E state the closure (E), the interior (E°), and the boundary
(OF). Do not justify your answers.
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[9] QUESTION 4.

2] (a) State the formal definition of “the function f is differentiable at the point ¢ € R”.

{ 15 O(i;‘feren‘l'ia“e Q’t' - 'I‘F ‘Me (:'m:"f‘

2, Fer feo e %514,

X X-=C

21 (b) State the Mean Value Theorem (MVT).

I‘F ‘F ) c‘fS, o D»,b] G'IJ JQDF on (q/ L)/
then there esests c gla,b) Sych that

,F/(C) — 'F(L‘:Z‘E.CQ). :)

[5] (c) Prove that e* > x+1 for all z € R by applying the Mean Value Theorem to f(z) = e”.
Hint: Consider separately the cases © =0, x > 0 and x < 0.

Case L:x20 Then ¢*=e°=170+L=2+1.

v )

Ca/—-\ge <270 4rr'7 MVT 1o Fc«e)ﬁ-t on [2=]
Then 1>7 MV1, there exists c€(Sx) such that

( . _ e*-e® . c '3 i,
£e) = >0 F e __e?l@e*:xe +(

/f/o\.u} C>0 anA ‘FC‘E)‘ e't iS an irlCI‘eQSfV\I? 'ﬁmc‘fr’an.

&

SO/ $c7/eo. 1. €. e 721,



This page has been left blank to provide additional space if needed for your solution of question 4.

Cose 3+ x ¢O. Aply MVT fo fit)=€* on
(.JL/C?], Then Sce(x0) st FZC)=C_C=T

(]
oO~X

= x4
But
“Cc O and flty=etis e S eSce’~y.

[e=17

Bt 20, so xe®z x(1)

(€. xe“zx D xe+3 2t

N Conclusion, ¥ = fcx—l-\ = Xt qs

c&éﬁ'nfo(. =) 7t l/

... Continued. . .



[10] QUESTION 5. Let a < b and suppose f is a strictly increasing function defined on [a, b].

2] (a) Prove that f is bounded on [a,b].

‘(‘ S ich‘eaSmg/ So 'Fca)!: 'F&x) 57(2&)
for all x€ Lyb]l So e i5 a lowep boyudf

and [(b) s @1 uppor bound.

21 (b) Let P = {to,...,t,} be a partition of [a, b]. Give the definition of the upper sum U(f, P)
and of the lower sum L(f, P).

W) = M, (-t

=

L—L‘C/P) = i M,-(t;"tf-(>/

where M. = Sup 27&(‘t)g qna(
S , ‘ﬁél:t,-.,/ t;]

.tz ."‘F F(‘E') . art (¢) on next page. .
lM‘ ‘t'é.E'L.-Ut,'J{ S ... Part (c) ge. ..



6]  (c) Prove that f is integrable on [a, b].

Hint: Consider enly spaced partition P, so t; —t,_1 =6 for each i. Prove that
N——

and use this to show that f is integrable.

From port CDO/ we know T is I:JJ
RCSOI[/ ‘H1€’ Criter on : FO[\ 7t LJJJ 7‘: 'S

—

ini?y roble  on CQ,LJ t-F‘P Vs 50, Ja partit von
P of L[ab) st. UCEPY - L(EpR)<cs

let £50 Choose pemy large st .
Arch;mez{ean Propeety of [C)

s o et o K

Let ixo, o %, % where x=qy (b8

N

Then (A(‘(\ P) - L(‘F P)= L/’l (%-x;.,) - chx, oA

£ "l':cveas.ng

,IT 2— ﬁx,’) ( ( -Jc‘-_‘) - Z 'F(i._') (‘xi - x,'-|)
M= fx) = '
. = F(.I:-—c) = :Z(F(Il-)' 'F(JC;- f))CN .- I.‘._l)

e



(Z(ﬁx) ‘ch_‘) L (a+'u"°‘))( (i- ')(b'j

e ﬂf ) + (C.r,,,) J47
? Me n left bla k Md additional space if needed for your solution of question 5.

+fle5mf,,,j = — {(a) 1C(;>J

= (F(b) chq))j
< F(s)—ﬁay H\(b ﬁa)) Z/)



[10] QUESTION 6. Suppose a < b and f : [a,b] — R is integrable.

5] (a) Prove that there exists ¢ € [a,b] such that

[r=[1 ©)
et

Case L P20, Then T is cTs by,
the ;m‘eyra[% are B THM. < Fis Subject
To ZuT. Moresver, t@) ¢ EW) ¢ ()
L 2 ’
640/ L?’ :,—VT/ 3QE (ai ) Sé..ParE) onnextpageF( b)
, %) st Feyz 28
le. Sat= SEF. i ]




Coased: FLI<O sim/lar

[5] (b) Show, by constructing an example, that it is possible that ¢ in part (a) might necessarily
be an endpoint of the interval [a, b]. Specifically, take a = 0 and b = 1 and construct an
integrable function f on [0,1] such that there is no ¢ € (0,1) for which (©) holds but
(V) does hold for ¢ =0 and ¢ = 1.

fex) = —’TL on Zo/(:].

This waks



This page has been left blank intentionally to provide extra space if needed.



This page has been left blank intentionally to provide extra space if needed.



This page has been left blank intentionally to provide extra space if needed.



This page has been left blank intentionally to provide extra space if needed.

THE END



