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Test 2 on Tuesday (26 November 2019), 5:30pm,

m All material covered until Thursday 21 Nov 2019 (up to but
not including construction of R).

m Emphasis on material since the first test,
but the subject is cumulative.

m Remove the staple carefully, without damaging your test,
when you hand it in. Bring a staple remover if that helps you.
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https://library.mcmaster.ca/cct/class-dir/jhe-264

Limits of Functions

We know from calculus that it can be useful to represent functions
as limits of other functions.

Example

The power series expansion
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expresses the exponential e* as a certain limit of the functions
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Our goal is to give meaning to the phrase “/imit of functions”, and
discuss how functions behave under limits.

Instructor: David Earn



Pointwise Convergence

m There are multiple inequivalent ways to define the limit of a
sequence of functions.

m .. There are multiple different notions of what it means for a
sequence of functions to converge.
m Some convergence notions are better behaved than others.

We will begin with the simplest notion of convergence.

Definition (Pointwise Convergence)

Suppose {f,} is a sequence of functions defined on a domain

D C R, and let f be another function defined on D. Then {f,}
converges pointwise on D to f if, for every x € D, the sequence
{fa(x)} of real numbers converges to f(x).

Unfortunately, pointwise convergence does not preserve many
useful properties of functions.

Instructor: David Earn



Go to https:
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m Click on Math 3A03

Click on Take Class Poll

Fill in poll Lecture 30: Pointwise convergence
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Pointwise Convergence

x"N OSXSJ., ||mf(x): 0 0§X<1
fo(x) = . N n—oo " 1 x>1

m Limit of sequence (of
continuous functions) is
not continuous.

m By smoothing the corner
at x =1, we get a
sequence of differentiable
functions that converge
to a function that is not
even continuous.
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Pointwise Convergence

Define fp(x) on [0, 1] as follows:
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Uniform Convergence

A much better behaved notion of convergence is the following.

Definition (f, — f uniformly)

Suppose {f,} is a sequence of functions defined on a domain
D C R, and let f be another function defined on D. Then {f,}
converges uniformly on D to f if, for every ¢ > 0, there is some

N € N so that, for all x € D,
n>N = |f(x)—f(x)<e.

Note that {f,} converges uniformly to f if and only if Ve >0,

dN € N such that
n>N = sup,pl|fa(x)—f(x)| <e.

uniform convergence pointwise convergence

=
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Uniform Convergence

The following theorems illustrate the sense in which uniform
convergence is better behaved than pointwise convergence in
relation to common constructions in analysis.

Theorem (Integrability and Uniform Convergence)

Suppose {f,} is a sequence of functions that converges uniformly
on [a,b] to f. If each f, is integrable on |[a, b], then f is integrable

and
b b
/f: Iim/ f.
a n—oo a

(Textbook (TBB) §9.5.2, p. 571ff)

The proof that f is integrable is rather involved. We will skip it.
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Uniform Convergence

Proof that fab f=limp_oo fab f,  given that f is integrable.

Given that f is integrable, to prove the equality, we will show that
b b
a a

- b If — £ “triangle inequality”
=/, ! (2019w Assignment 6)

Ve >0, dN e N such that <e Yn> N.

For any n € N, we have

o[ fe-s

<U(If = £, {a,b}) = ( sup. |F(x) - fn(x)})(b_ a).
x€la,b
But f, converges uniformly to f, which means that

INEN suchthat sup |F(x)— fi(x)| < ﬁ Vn > N.

x€Ela,b]

For such n, we have fab f— fab fa| < €, as required. O
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Uniform Convergence

Theorem (Continuity and Uniform Convergence)

Suppose {f,} is a sequence of functions that converges uniformly on [a, b] to f.
If each f, is continuous on |[a, b], then f is continuous on [a, b].

Proof.

Fix x € [a, b] and € > 0. We must show 39 > 0 such that if y € [a, b] and
ly — x| < d then |f(y) — f(x)| < e.

Since the f, converge uniformly to f, there is some N € N so that
Ifn(y) — f(y)| < 5 forall y € [a, b]. Fix such an N.

Since fy is continuous, there is some § > 0 so that if y € [a, b] satisfies
ly — x| <9, then |fy(y) — fn(x)| < §. For such y, we then have

If(y) — f(x)| 1f(y) = fn(y) + fu(y) — fu(x) + fu(x) — £(x)]
1f(y) — i) + [fn(y) — ()] + [fn(x) — £(x)]
€ FHEFHEF = 6

as required. O
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Uniform Convergence

The interaction between uniform convergence and differentiability
is more subtle.

Theorem (Differentiability and Uniform Convergence)

Suppose {f,} is a sequence of differentiable functions on [a, b]
such that

f is continuous for each n,
the sequence {f,} converges uniformly on [a, b],
the sequence {f,} converges pointwise to a function f.

Then f is differentiable and {f,} converges uniformly to f'.

(Textbook (TBB) §9.6, p. 578ff)

Note: If we weaken the first condition to f, being integrable, but
explicitly require in the second condition that the uniform limit is
continuous, then the theorem is still true and no more difficult to prove.
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