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Announcements

m Assignment 4 is posted and is due on Tuesday 12 Nov 2019,
2:25pm, via crowdmark.

Instructor: David Earn


https://davidearn.github.io/math3a/assignments/assignments.html
https://crowdmark.com/

The Derivative

Slope f'(xp)

X0

Instructor: David Earn



The Derivative

Definition (Derivative)

Let f be defined on an interval | and let xg € /. The derivative of
f at xp, denoted by f/(xp), is defined as

Fi(0) = lim )= Fb0).

X—rX0 X — X0

provided either that this limit exists or is infinite. If f'(xp) is finite
we say that f is differentiable at xp. If f is differentiable at every
point of a set E C /, we say that f is differentiable on E. If E is all
of /, we simply say that f is a differentiable function.

Note: *“Differentiable” and “a derivative exists" always mean that
the derivative is finite.

Instructor: David Earn



The Derivative

f(x) = x2. Find f'(2).

x2—4 - (x+2)(x—2)

x—=2 X — 2 x—2 x—2

=limx+2=4
x—2

Note:
m In the first two limits, we must have x # 2.
m But in the third limit, we just plug in x = 2.
m Two things are equal, but in one x # 2 and in the other x = 2.

m Good illustration of why it is important to define the meaning
of limits rigorously.

Instructor: David Earn
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The Derivative

Let f be defined in a neighbourhood / of 0, and suppose
|f(x)| < x2 for all x € I. Is f necessarily differentiable at 07 e.g.,

Instructor: David Earn



The Derivative

Example (Trapping principle)

20 1 0
Suppose f(x) = xsinsz, x 7 Then:
0, x = 0.
2.0 1
1
VX#OZ ‘f(X 0)‘ ‘f(X) _ X< sin 5 = Xsin—2'§ |x|
X — b%s X
Therefore:
. f(x) —
|f'(0)] = |lim M‘ = lim M‘ < lim |[x| = 0.
x—0 x—0 x—0 x—0 x—0
. f is differentiable at 0 and /(0) = 0. O

Instructor: David Earn



The Derivative

Definition (One-sided derivatives)

Let f be defined on an interval | and let xg € /. The right-hand
derivative of f at xg, denoted by f{(xo), is the limit

ffr(xo) = lim 7“)() — () ,

x—rxg X — X0

provided either that this one-sided limit exists or is infinite.
Similarly, the left-hand derivative of f at xo, denoted by /' (xo),

is the limit - .
£ (x0) = tim ()= Fb0)
X=Xy X — Xo

Note:
If xo € I° then f is differentiable at xg iff f] (xo) = f/(xo) # £o0.

Instructor: David Earn



x—1, x<0
fx)=40,  x=0,
x+1, x>0

®

m Same slope from left and right. Why isn't £ differentiable???

_ |imx—>0* f’(X) = |imx_>0+ f’(X) = IimX_>0 f’(X) = 1.
m £1(0) = £(0) = F(0) = limeso DO — oo,

Instructor: David Earn



The Derivative

m Higher derivatives: we write
m 7 = (f") if f'is differentiable;

m £ = (M) if £(n) is differentiable.

m Other standard notation for derivatives:

df
— =
X
d
P=%
n dnf n
D'f(x) = —— = (M (x)

Instructor: David Earn



Theorem (Differentiable = continuous)

If f is defined in a neighbourhood | of xy and f is differentiable at
Xo then f is continuous at xg.

Must show lim f(x) = f(xp), ie., lim (f(x)—f(x)) =0.

X—X0 X—>X0

lim (f(x) — f(x)) = lim (f(x)f(xo) X (x —xo)>

X—X0 X—X0 X — X0
f(x)—f
= lim ((X)(XO)) X lim (x — xo)
X—+X0 X — Xo X—rX0
=f'(x)x0=0,
where we have used the theorem on the algebra of limits. Ol

Instructor: David Earn



The Derivative

Theorem (Algebra of derivatives)

Supppose f and g are defined on an interval | and xo € I. If f and
g are differentiable at xy then f + g and fg are differentiable at xg.
If, in addition, g(xo) # O then f /g is differentiable at xo. Under

these conditions:
(cf)(x0) = cf’(x0) for all c € R;
(f +8)(x) = (f' + &) (%),

(fg)'(x0) = (f'g + fg') (x0);
4] (g)I(Xo) = (%)(Xo) (g(x0) #0).

(Textbook (TBB) Theorem 7.7, p.408)

Instructor: David Earn



The Derivative

Theorem (Chain rule)

Suppose f is defined in a neighbourhood U of xy and g is defined
in a neighbourhood V of f(xp) such that f(U) C V. Iff is
differentiable at xo and g is differentiable at f(xp) then the
composite function h = g o f is differentiable at xq and

' (x0) = (g0 1) (x0) = &'(f(x0))f'(x0) -

(Textbook (TBB) §7.3.2, p.411)
TBB provide a very good motivating discussion of this proof,
which is quite technical.

Instructor: David Earn



The Derivative

Theorem (Derivative at local extrema)

Let f:(a,b) = R. Ifx is a maximum or minimum point of f in (a, b),
and f is differentiable at x, then f'(x) = 0.

(Textbook (TBB) Theorem 7.18, p.424)
Note: f need not be differentiable or even continuous at other points.

Idea for proof: . .-

| | |
a X X+ h b
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Announcements

m Assignment 4 is posted and is due on Tuesday 12 Nov 2019,
2:25pm, via crowdmark.

m Test 1 has been returned via crowdmark. Carefully read the
solutions, which are posted on the course web site.

Instructor: David Earn


https://davidearn.github.io/math3a/assignments/assignments.html
https://crowdmark.com/
https://davidearn.github.io/math3a/tests/tests.html
https://crowdmark.com/

Last time. ..

Definition of the derivative.

m Proved differentiable == continuous.

Discussed algebra of derivatives and chain rule.

Pictorial argument that derivative is zero at extrema.

m Defined one-sided derivatives

m Example

Instructor: David Earn



The Mean Value Theorem

Theorem (Rolle’s theorem)

If f is continuous on [a, b] and differentiable on (a, b), and
f(a) = f(b), then there exists x € (a, b) such that f'(x) = 0.

Proof.

f continuous on [a,b] = f has a max and min value on [a, b]. If
either a max or min occurs at x € (a, b) then f'(x) = 0. If no max or
min occurs in (a, b) then they must both occur at the endpoints, a and
b. But f(a) = f(b), so f is constant. Hence f'(x) =0 Vx € (a,b). O

Theorem (Mean value theorem)

If f is continuous on [a, b] and differentiable on (a, b) then there

exists x € (a, b) such that
f/(X) _ f(b) — f(a) )

b—a

Instructor: David Earn



The Mean Value Theorem

Idea for proof:
(b, f(b))

(a:f(a))
| |

|
a X b

Apply Rolle's theorem to

h(x) = f(x) — [f(a) + (%)(x - a)} . O

Instructor: David Earn



The Mean Value Theorem

Example

f’(x) > 0 on an interval | = f strictly increasing on /.

Proof:
Suppose x1,x2 € [ and x; < xp. We must show f(x1) < f(x2).

Since f/(x) exists for all x € /, f is certainly differentiable on the closed
subinterval [xq, x].

Hence by the Mean Value Theorem 3x. € (x1, x2) such that

f(xe) — f(x1)

X — X1

= f'(x).

But x, — x; > 0 and since x, € /, we know f'(x.) > 0.
s f(x) — f(x) >0, e, f(x1) < f(x). O

Instructor: David Earn
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Intermediate value property for derivatives

Theorem (Darboux’s Theorem: IVP for derivatives)

If f is differentiable on an interval | then its derivative f' has the
intermediate value property on I.

Notes:

m Itis f/, not f, that is claimed to have the intermediate value
property in Darboux’s theorem. This theorem does not follow from
the standard intermediate value theorem because the derivative f’ is

not necessarily continuous.
m Equivalent (contrapositive) statement of Darboux's theorem:

If a function does not have the intermediate value property on /
then it is impossible that it is the derivative of any function on /.

m Darboux's theorem implies that a derivative cannot have jump or
removable discontinities. Any discontuity of a derivative must be
essential. Recall example of a discontinuous function with [VP.

Instructor: David Earn


https://en.wikipedia.org/wiki/Classification_of_discontinuities

Intermediate value property for derivatives

Proof of Darboux's Theorem.

Consider a, b € | with a < b.

Suppose first that /(a) < 0 < f/(b). We will show Ix € (a, b) such that
f'(x) = 0. Since ' exists on [a, b], we must have f continuous on [a, b],
so the Extreme Value Theorem implies that f attains its minimum at
some point x € [a, b]. This minimum point cannot be an endpoint of
[a,b] (x # a because f’(a) < 0 and x # b because f'(b) > 0).
Therefore, x € (a,b). But f is differentiable everywhere in (a, b), so, by
the theorem on the derivative at local extrema, we must have f/(x) = 0.
Now suppose more generally that f'(a) < K < f(b). Let

g(x) = f(x) — Kx. Then g is differentiable on / and g’(x) = f'(x) — K
for all x € I. In addition, g’(a) = f’(a) — K < 0 and

g'(b) = f'(b) — K > 0, so by the argument above, 3x € (a, b) such that
g'(x)=0,ie, f'(x)—K=0, ie, f'(x) =K.

The case f'(a) > K > f'(b) is similar. O

Instructor: David Earn
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Intermediate value property for derivatives

Example (f'(x) #0Vx el = f /or \ on /)

If f is differentiable on an interval / and f'(x) # 0 for all x € /
then f is either increasing or decreasing on the entire interval /.

Proof:
Suppose Ja, b € I such that f'(a) < 0 and f’(b) > 0.

Then, from Darboux’s theorem, 3¢ € I such that f'(c¢) =0. =<«

. Either “Ja € | ¥ f’(a) < 0" is FALSE
or “Ib €l ¥ f'(b) > 0" is FALSE.

*. Since we know f’(x) # 0 Vx € /, it must be that
either '(x) >0Vx el or f'(x)<0Vxel,
i.e., either f is increasing on [/ or decreasing on /. O

Instructor: David Earn



The Derivative of an Inverse

Example (Sufficient condition for non-differentiable inverse)

Suppose f is continuous and one-to-one on an interval /. If x € I and
f'(x) = 0 then £~ is not differentiable at y = f(x).

Proof: By definition, the inverse function satisfies

F(F () =v.

Suppose that £~ is differentiable at y. Then, by the Chain Rule,
) - (FY ) =1.

But f1(y) = x, and f/(x) =0, so

which is impossible! =<«. O

Instructor: David Earn



The Derivative of an Inverse

Theorem (Inverse function theorem)

If f is differentiable on an interval | and f'(x) # 0 Vx € I, then

f is one-to-one on I;

B ! is differentiable on J = f(I);

(f—l)’(f(x)) = f’(lx) for all x € I,
1

e, (FY(y) = 0 for all y € J.

(Textbook (TBB) Theorem 7.32, p.445)

Instructor: David Earn



The Derivative of an Inverse

Key insights for proof of inverse function theorem:
m Darboux’s theorem = f S or N on/ = fisl:lonl
miIf y=17(x) and yp="f(x0)
then x=7f"1(y) and xo = 1(y0),

© Fy) — (%) _ X=X
Y — Y0 f(x) — f(xo)
1
T 0 fxo)
X—Xp

m Since f continuous at xp, we know x = xg = y — yo.

m But we need y — yp => x — X, i.e., f ! continuous at yg.
m In fact, f continuous and either /or \,on | = f~1
continuous on J = f(l) (more generally, cf. Invariance of Domain thm)

Instructor: David Earn


https://en.wikipedia.org/wiki/Invariance_of_domain

Please consider. . .

5 minute Student Respiratory lllness Survey:

https://surveys.mcmaster.ca/limesurvey/index.php/893454

Please complete this anonymous survey to help us monitor
the patterns of respiratory illness, over-the-counter drug
use, and social contact within the McMaster community.
There are no risks to filling out this survey, and your par-
ticipation is voluntary. You do not need to answer any
questions that make you uncomfortable, and all informa-
tion provided will be kept strictly confidential. Thanks for
participating.

—Dr. Marek Smieja (Infectious Diseases)

Instructor: David Earn


https://surveys.mcmaster.ca/limesurvey/index.php/893454

